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Optimization intro

Optimization in a nutshell (% = R" or any real Hilbert space)

= Objective function f: H — R U {+o0}.

e.g., data fidelity in ML, energy efficiency, profit, statistical error, ...

= An “optimal” x € H makes f(x) the smallest or largest

e.g., minimize error, maximize efficiency

minimize f(x)
xXEH
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Optimization intro

Optimization in a nutshell (% = R" or any real Hilbert space)

= Objective function f: H — R U {+o00}.

e.g., data fidelity in ML, energy efficiency, profit, statistical error, ...

= Constraint set(s) C C H

e.g., Rﬂ, Sﬂ, hypercube, ¢, ball, solution set of an inverse problem, ...

= An “optimal” x € C makes f(x) the smallest or largest

e.g., minimize error, maximize efficiency

minimize f(x)
xeC



Background

[e]e] lelelelelele]e}

Modeling via optimization

[Torelli et al., Med. Phys., 2023]

image: [Fu et al., Tech. Cancer Res. Treatment, 2023]
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Modeling via optimization

[Torelli et al., Med. Phys., 2023]

[Sartori & Buriol, Comput. Oper. Res., 2020]
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High-dimensional problems (computing V2f is costly)

= use first-order methods (use evaluations of Vf, proxs, and/or f )
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Original Observation
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A few common constraints

Set name C C H | Constraint(s)
and space H onxe C

Signal processing (e.g., sparse recovery,
loball (p>1 IS xP < . . ' . '
p ball (p>1) 2ierXj S matrix completion), graph analysis,

Application Examples

= [R"
H (v=0) relaxed combinatorial problems
Hypercube | o <3 < B | e graph
H=TR" (ai, Bi € R) : g o e
refinement
xij =0, Graph automorphisms, communication

Birkhoff Polytope

24 — Rixn > ic[n) Xij = 1, | theory, optimal transport, cluster

> jeln Xij =1 | analysis
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A few common constraints

Set name C C H Constraint(s) Application Examoles
and space H onx € C PP P
Optimal transport, production
Polyhedron (Ax)i < b sciedulin in\I;)entorp control
H=R" (Ae R™™ beR™M) & y co '
network flow, computational geometry
Spectrahedron x = 0, Covariance estimation, relaxed
H=S"™" trace(x) =1 combinatorial problems, low-rank recovery
min{n,m} Graph denoising, recommender
Nuclear norm ball > Sii<y system training, cluster analysis,
H = RMXm i=1 rotein interaction prediction,
(x=USVT,y>0) | P P .
low-rank recovery
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Projection operators

projc: x — Argmin ||x — c||?
CEC
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A tale of two subroutines

Projection operators

projc: x + Argmin ||x — c||
GEC

Linear Minimization Oracles (used in Frank-Wolfe algorithms, AKA “Conditional Gradient” algs.)

LMOc¢: d — y € Argmin (c | d)

em LMOc(d)

-
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A tale of two subroutines

Projection operators

Open source repositories:

. : 2
projc: x = Argmin |[x — c|| proximity-operator.net
ceC
ProximalOperators.jl

Linear Minimization Oracles (used in Frank-Wolfe algorithms, AKA “Conditional Gradient” algs.)

Open source repository:

LMOc: d—y e Argﬁgin (c|d) FrankWolfe.jl
ce



https://proximity-operator.net/
https://juliafirstorder.github.io/ProximalOperators.jl/latest/
https://zib-iol.github.io/FrankWolfe.jl/stable/

Why use LMOs?

[C. Combettes, Pokutta, '21] + many others:
Particularly in high-dimensions, LMO is currently faster than projection on a many C;.

10
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Why use LMOs?

[C. Combettes, Pokutta, '21] + many others:

Particularly in high-dimensions, LMO is currently faster than projection on a many C;.
[W., '25]:

If C; is compact/convex, approximate LMO is no slower than projection.

If C; is also polyhedral, LMO is no slower than projection .

[Hu, '26]:

If C; is compact/convex, approximate LMO is no slower than approximate projection.

10
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Why use LMOs?

[C. Combettes, Pokutta, '21] + many others:
Particularly in high-dimensions, LMO is currently faster than projection on a many C;.

[W., '25]:
If C; is compact/convex, approximate LMO is no slower than projection.
If C; is also polyhedral, LMO is no slower than projection .

[Hu, '26]:
If C; is compact/convex, approximate LMO is no slower than approximate projection.

Question:
Is there a compact convex set C such that proj. requires fewer arithmetic operations
than LMO¢?

10
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Comparison with projections

Example: Nuclear norm ball

For x € R"*"

lIx]| nue = Z ai(x).

For 8>0, C={x € R™"|||x]|nue < B},
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Comparison with projections

Example: Nuclear norm ball

nxn
e E I Full SVD
I nue = Z ai(x). n=>500: 0.11 sec
1<i<n
n = 1000: 0.47 sec
For >0, C = {x € R™"|||x||puc < B}, n = 2000: 4.87 sec

projc(x): requires a full SVD!
(01,...,00, U, V), where x = Udiag(o1,...,0,)V "
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Comparison with projections

Example: Nuclear norm ball

For x € R™"
x| nuc = Z ai(x).

For 8>0, C={x € R™"|||x]|nue < B},

projc(x): requires a full SVD!
(01,...,00, U, V), where x = Udiag(o1,...,0,)V "

LMOc(x): requires only first singular value/vectors
(017 Ul7 V]_T)

Full SVD

n=>500: 0.11 sec
n = 1000: 0.47 sec
n = 2000: 4.87 sec

Just (o1, Us, VlT)

n=500: 0.0081 sec
n = 1000: 0.056 sec
n = 2000: 0.638 sec
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Comparison with projections

Challenge: While Projections are analytically “well-behaved”
» Lipschitz continuous (L = 1)
= Firmly nonexpansive

= Fixed-point theory

11



Comparison with projections
Challenge: While Projections are analytically “well-behaved”
» Lipschitz continuous (L = 1)

= Firmly nonexpansive

= Fixed-point theory

n
LMOs are discontinuous.
Operations are not interchangeable.

New theory and algorithms are often needed.

11
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2. History & Motivation
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A problem with multiple constraints

This line of work started with

minimize f(x) (*)

Xeﬂ,-,l G

» Vf is L¢-Lipschitz continuous (nonconvex)

= (; are nonempty, compact, convex subsets of a real Hilbert space H.

13
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Classical projection-based approaches

minimize f(x *
minmize £(x) (+)

For appropriately-chosen stepsizes (7Vx)ken, (%) can
be solved via Forward-Backward, AKA projected

gradient descent (PGD) using Vf and projﬂm c
i=1 "

X1 = Projr ¢ (ke — 1V (xk))

14
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Classical projection-based approaches

minimize f(x *
minmize £(x) (+)

For appropriately-chosen stepsizes (7Vx)ken, (%) can

be solved via Forward-Backward, AKA projected

gradient descent (PGD) using Vf and projﬂm c
i=1 "

X1 = Projr ¢ (ke — 1V (xk))

Problem:
-1y [Cost of proj¢] < [Cost of projyr ],
i=1 !
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Classical projection-based approaches

minimize f(x *
minmize £(x) (+)

For appropriately-chosen stepsizes (7Vx)ken, (%) can Algorithmic “splitting” idea:
be solved via Forward-Backward, AKA projected

gradient descent (PGD) using Vf and projmlr_i1 c
Pronz, ¢
X1 = Projr ¢ (ke — 1V (xk))

Problem:

™ 1 [Cost of proj. Cost of projam ~].
>ty [Cost of projc] < [Cost o projrym cl projc, - . . projc.,

14
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Classical projection-based approaches

minimize f(x *
minmize £(x) (+)

Projection-based splitting algorithms (dating back Algorithmic “splitting” idea:
to the 1970s) e.g., Douglas-Rachford,

Forward-Backward, ADMM, and many others
solve () using: Projﬂ;’ll G

= First-order information on f (Vf or proxs)

= projc,,---Projc,,

projcl, ...proj Co

14
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A Frank-Wolfe setup for the splitting problem

minimize f(x *
minimize £(x) ()

» Vf is L¢-Lipschitz continuous (nonconvex)
= (; are nonempty, compact, convex subsets of a real Hilbert space H.

15
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A Frank-Wolfe setup for the splitting problem

minimize f(x) (*)
x€N, G

» Vf is L¢-Lipschitz continuous (nonconvex)
= (; are nonempty, compact, convex subsets of a real Hilbert space H.

If we could evaluate LI\/IOmm c.» then we could use existing Frank-Wolfe
=1 "
algorithms.

15
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[e]ele] Jele]

A Frank-Wolfe setup for the splitting problem
minimize f(x) (*)

Xen:'il G

» Vf is L¢-Lipschitz continuous (nonconvex)
= (; are nonempty, compact, convex subsets of a real Hilbert space H.

If we could evaluate LI\/IOmm c.» then we could use existing Frank-Wolfe
=1 "
algorithms.

However, just like projections,

> [Cost of LMO¢,] < [Cost of LMOﬂm cl-
i=1 "'

15



A Frank-Wolfe setup for the splitting problem
minimize f(x) (*)

Xen:'il G

» Vf is L¢-Lipschitz continuous (nonconvex)
= (; are nonempty, compact, convex subsets of a real Hilbert space H.

Goal: Solve (x) using basic algebraic operations and
« VF

= [inear minimization oracles for C;:

LMOg¢,: x — y € argmin(x | v)
veC;

This is splitting, but with LMOs instead of projection operators. 15



A Frank-Wolfe setup for the splitting problem
minimize f(x) (*)

Xen:'il G

» Vf is L¢-Lipschitz continuous (nonconvex)
= (; are nonempty, compact, convex subsets of a real Hilbert space H.

Goal: Solve (x) using basic algebraic operations and
« VF

= [inear minimization oracles for C;:

LMOg¢,: x — y € argmin(x | v)
veC;

This is splitting, but with LMOs instead of projection operators. 15
Open-source LMO repository: FrankWolfe.j1l (Github)


https://zib-iol.github.io/FrankWolfe.jl/stable/
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Literature
Frank-Wolfe splitting algorithms when f is convex: [Gidel et al., '18], [Yurtsever et

al., '19], [Silveti-Falls et al., '20], [Lan et al., '21], ...
Best convergence rate on max{|f(xx) — f*|, dist» ¢ (xk)} is O(1/Vk)
i=1

i

16
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Literature

Frank-Wolfe splitting algorithms when f is convex: [Gidel et al., '18], [Yurtsever et
al., '19], [Silveti-Falls et al., '20], [Lan et al., '21], ...

Best convergence rate on max{|f(xx) — f*|, distmz1 c,(xk)} is O(1/Vk)
Frank-Wolfe splitting algorithms when f is convex with convex inequality
constraints gj(x) < 0: [Yurtsever et al., '19] [Lan et al., '21], [Asgari, Neely, '24],
[Wang, Pong, W., '26]

Worst-case rate on max{|f(xx) — f*|,[gi(xx)]+} is O(1/Vk).
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With uniform convexity assumption: rate arbitrarily close to O(1/k).
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Literature

Frank-Wolfe splitting algorithms when f is convex: [Gidel et al., '18], [Yurtsever et
al., '19], [Silveti-Falls et al., '20], [Lan et al., '21], ...

Best convergence rate on max{|f(xx) — f*|, distmz1 c,(xk)} is O(1/Vk)
Frank-Wolfe splitting algorithms when f is convex with convex inequality
constraints gj(x) < 0: [Yurtsever et al., '19] [Lan et al., '21], [Asgari, Neely, '24],
[Wang, Pong, W., '26]

Worst-case rate on max{|f(xx) — f*|,[gi(xx)]+} is O(1/Vk).

With uniform convexity assumption: rate arbitrarily close to O(1/k).

Today'’s talk: Frank-Wolfe splitting when f is nonconvex: [W., Pokutta, '25],
[Halbey et al., '25], [Silveti-Falls, Molinari, W., "26]

16
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Classical Frank-Wolfe algorithm
is for

mi)n(ierrgize f(x). (1)
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Requires LMO¢ and V.
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Frank-Wolfe recap
Stationarity criterion: Frank-Wolfe gap of (1) at x:

Classical Frank-Wolfe algorithm G(x) = ng (VI(x) | x = v).
is for
minimize f(x). (1)

For k € N and v« € [0, 1]:
1. vk = LMO¢(Vf(x«))
2. xkr1 = (1 — vr) Xk + Yk vk

Guarantees x;, € C.
Requires LMO¢ and V.
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Requires LMO¢ and V.
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Frank-Wolfe recap
Stationarity criterion: Frank-Wolfe gap of (1) at x:

Classical Frank-Wolfe algorithm G(x) = rpeaé( (VI(x) | x = v).
is for
Facts:
ml)n<|€rrg|ze f(x). (1) = Ifxe C G(x) =0,

» [x € C and G(x) = 0] & x is stationary for (1).
Under a variety of schedules ~;:
= 0< min G(x) < Ck12 =0
0<j<k

For k € N and v« € [0, 1]:

1. vk = LMO¢(Vf(x«))

2. X1 = (1 — y)xk + Vv
Guarantees x, € C. = Along the subsequence minimizing G, all cluster
Requires LMO¢ and Vf. points are stationary points.

= [Bolte, C. Combettes, Pauwels, '23]:
(xk)ken may not converge 17
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3 « Approach



Product space reformulation
[Pierra, '84]: Reformulation of (%) on H™: Let {w;}/; C]0,1] s.t. >0 wi =1, let

A:H™ = H: x— Y wix;, and set D = {(x1,...,xm) | (Vi,j € {1,...,m} xi = x;}.
i=1

19



Product space reformulation
[Pierra, '84]: Reformulation of (%) on H™: Let {w;}/; C]0,1] s.t. >0 wi =1, let

A:H™ = H: x— Y wix;, and set D = {(x1,...,xm) | (Vi,j € {1,...,m} xi = x;}.
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x € Argmin f(z) & (x,...,x) € Argmin f(Az)
ze( )L, G z=(z1,...,zm)EDN X G
i=1

i=
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Product space reformulation
[Pierra, '84]: Reformulation of (%) on H™: Let {w;}/; C]0,1] s.t. >0 wi =1, let
A:H™ = H: x— Y wix;, and set D = {(x1,...,xm) | (Vi,j € {1,...,m} xi = x;}.
i=1
x € Argmin f(z) & (x,...,x) € Argmin f(Az)
ze( )L, G z=(z1,...,zm)EDN X G
i=1

i=

Reformulated Frank-Wolfe gaps are the same:

V(foA)x|x—v)= VF(Ax) | Ax — A
max (V(foAx|x—v)= max (VF(AQ)]|Ax—Av)
vepn X @ (vijelm]) vimy

= max (Vf(Ax)|Ax —v).
Veﬂ C,‘
- 19
Caution: This Frank-Wolfe gap can be negative!



Product space reformulation
[Pierra, '84]: Reformulation of (%) on H™: Let {w;}/; C]0,1] s.t. >0 wi =1, let
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Setting of [S-F, M, W, ’26+]

minirgize f(x) +g(Tx) (%)
X€

1. C C R" is nonempty, convex, and compact
2. f: R" — R and Vf is Ly¢-Lipschitz continuous (nonconvex) on C

20
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Setting of [S-F, M, W, ’26+]

minimize f(x) + g( Tx) (%)
xeC

. C C R" is nonempty, convex, and compact

f:R" — R and Vf is Ly¢-Lipschitz continuous (nonconvex) on C

T:R" — R™ is linear.

. & R™ — ]—00, +00] is o-weakly convex and one of the following holds.

AW N

0 if xeD
4.1 D C R™ is a nonempty closed convex set and g(x) = tp(x) = I x
+o0o if x €D,
where p = 0, and we use the convention “p~! = +00".
4.2 gis Lg-Lipschitz continuous

20
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minimize f(x) + g( Tx) (%)
xeC

. C C R" is nonempty, convex, and compact

f:R" — R and Vf is Ly¢-Lipschitz continuous (nonconvex) on C

T:R" — R™ is linear.

. & R™ — ]—00, +00] is o-weakly convex and one of the following holds.

AW N

0 if xeD
4.1 D C R™ is a nonempty closed convex set and g(x) = tp(x) = I x
+o0o if x €D,
where p = 0, and we use the convention “p~! = +00".
4.2 gis Lg-Lipschitz continuous

The splitting problem () is a special case of () under Assumption 4.1 for a linear

m
subspace D = D and Cartesian product C = X C;. 20
i=1
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Setting of [S-F, M, W, ’26+]

minimize f(x) + g( Tx) (%)
xeC

. C C R" is nonempty, convex, and compact

f:R" — R and Vf is Ly¢-Lipschitz continuous (nonconvex) on C

T:R" — R™ is linear.

. & R™ — ]—00, +00] is o-weakly convex and one of the following holds.

AW N

0 if xeD
4.1 D C R™ is a nonempty closed convex set and g(x) = tp(x) = I x
+o0o if x €D,
where p = 0, and we use the convention “p~! = +00".
4.2 gis Lg-Lipschitz continuous

The splitting problem () is a special case of () under Assumption 4.1 for a linear

m
subspace D = D and Cartesian product C = X C;.

20
i=1
Today, we'll mostly focus on Assumption 4.1 instead of 4.2.



Setting of [S-F, M, W, ’26+]

minirgize f(x)+ g(Tx) (%)
X€e

We assume we can compute:
= Vf
- LMOg
= proxg, for 5 €0, p [ (i.e, under Assumption 4.1, projp;

21



Setting of [S-F, M, W, ’26+]
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Setting of [S-F, M, W, ’26+]

minirgize f(x)+ g(Tx) (%)
X€e
We assume we can compute:

= Vf V(foA)=A"oVfoA

= LMO¢ LMOyr ¢, = (LMOg, x1, - -, LMOG, xm) -

= proxgg for 5 € }O,p_l[. (i.e., under Assumption 4.1, projp;
for the splitting problem (x), projp is just averaging)
We'll be using the Moreau envelope of g for 3 € ]0,p71|:

1
g’(x) = min g(2) + sl ==l = Vg’ (x) = 871 (x — proxggx)

This avoids smoothing go T. 2
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Approach: a sequence of smoothed subproblems

minirgize f(x)+ g(Tx) (%)
X€e

For 5 € }O,p‘1 [, consider the smoothed problem:

mir)1<i€nc1ize ®s(x) = f(x) + g°(Tx). (S)
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Approach: a sequence of smoothed subproblems
minirgize f(x)+ g(Tx) (%)
S

For 5 € }O,p‘1 [, consider the smoothed problem:

mir)1<i€nc1ize ®s(x) = f(x) + g°(Tx). (S)

For the splitting problem (x), the smoothed problem (S) becomes the relaxation,

1
minimize  f(Ax) + 55 dist?(x). (R)
X=(X1,...,xm)€ X C; 2
i=1

i=

22
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22



Approach: a sequence of smoothed subproblems
minirgize f(x)+ g(Tx) (%)
S

For 5 € }O,p‘1 [, consider the smoothed problem:

mir)1<i€nc1ize ®s(x) = f(x) + g°(Tx). (S)

The smoothed problem (S) can be solved with Frank-Wolfe:
V& depends on V£ and Vg?(x) = p71(x — ProXgg ).

Pseudocode: For a positive sequence §x 0, consider
(A) Perform one Frank-Wolfe step for minimizing ®g, (x) = f(x) + g”*(Tx) over C.

(B) Decrease Sk, go to (A).
22



Algorithm

Algorithm: Frank-Wolfe with Moreau Envelope Smoothing (Frames)

Input: xo € C, step sizes {7V« ken C ]0, 1], smoothing schedule {Bx}xen € ]0,p71]
For k=0,1,2,... do
1. Compute the gradient of the smoothed objective

1 *
Vg (xk) = VF(xk) + E T (Txk — proxﬁkg(Txk)) )

2. Compute the LMO for this direction s, € arg minsec(V®pg, (x«), ).

3. Update the iterate xx11 = xx + Yk(sk — X)-
End for
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Algorithm

Algorithm: Frank-Wolfe with Moreau Envelope Smoothing (Frames)

Input: xo € C, step sizes {7V« ken C ]0, 1], smoothing schedule {Bx}xen € ]0,p71]
For k=0,1,2,... do
1. Compute the gradient of the smoothed objective

1 *
Vg (xk) = VF(xk) + E T (Txk — proxﬁkg(Txk)) )

2. Compute the LMO for this direction s, € arg minsec(V®pg, (x«), ).
3. Update the iterate xx11 = xx + Yk(sk — X)-
End for
Usually: For0<g<p<1, p+qg<1l v%=0((k+1)P)and fx =0((k+1)79)
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Algorithm

Algorithm: Frank-Wolfe with Moreau Envelope Smoothing (Frames)

Input: xo € C, step sizes {7V« ken C ]0, 1], smoothing schedule {Bx}xen € ]0,p71]
For k=0,1,2,... do
1. Compute the gradient of the smoothed objective

1 *
Vg (xk) = VF(xk) + E T (Txk — proxﬁkg(Txk)) )

2. Compute the LMO for this direction s, € arg minsec(V®pg, (x«), ).

3. Update the iterate xx11 = xx + Yk(sk — X)-
End for
Guarantees feasibility in C: (Vk € N) xx € C, but under 4.1, Tx, € D not guaranteed.

23



Approach
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Base Splitting Algorithm

Input: xo € X", C;, stepsizes {7 }ken C ]0, 1], smoothing {Bx}ken C ]0, +o0]
For k=0,1,2,... do

1 (Vo (xk)" = VI(Ax) + 5-((x)" = Alx))

2. Fori=1,2,..., mdo

sk = LMO¢ ((V®5,(x4))", 5))-
end for

3. Xpy1 = Xk + Yr(Sk — Xk)-

End for

24
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Frank-Wolfe Splitting Algorithms

4. Analysis



Stationarity criterion: Frank-Wolfe gaps
Smoothed Frank-Wolfe gap

GP*(xx) = max (Vg (x¢) | x — s)
seC

x €C& GP(x) =0 & x is a stationary point of miningize dy(2)
ze
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Stationarity criterion: Frank-Wolfe gaps
Smoothed Frank-Wolfe gap

GP*(xx) = max (Vg (x¢) | x — s)
seC

x €C& GP(x) =0 & x is a stationary point of miningize dy(2)
ze

Nonsmooth Frank-Wolfe gaps N
= Under Assumption 4.1 (g = 1p), set C =CN T~1(D)

G(xk) = _ max (VF(xk) | xk —s)
seC=CNT~1(D)

x€e C& G(x)=0 & xis a stationary point of ().
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Stationarity criterion: Frank-Wolfe gaps
Smoothed Frank-Wolfe gap

GP*(xx) = max (Vg (x¢) | x — s)
seC

x €C& GP(x) =0 & x is a stationary point of miningize dy(2)
ze

Nonsmooth Frank-Wolfe gaps N
= Under Assumption 4.1 (g = 1p), set C =CN T~1(D)

G(xk) = _ max (VF(xk) | xk —s)
seC=CNT~1(D)

xeC&G(x)=0 & X is a stationary point of (x).
Since Txx € D (and x € C) not guaranteed, G(xk) could be negative!
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Stationarity criterion: Frank-Wolfe gaps
Smoothed Frank-Wolfe gap

GP*(xx) = max (Vg (x¢) | x — s)
seC

x €C& GP(x) =0 & x is a stationary point of miningize dy(2)
ze

Nonsmooth Frank-Wolfe gaps N
= Under Assumption 4.1 (g = 1p), set C =CN T~1(D)

G(xk) = _ max (VF(xk) | xk —s)
seC=CNT~1(D)

x€e C& G(x)=0 & xis a stationary point of ().

= Not this talk's focus: Under Assumption 4.2 (Lipschitz p-weakly convex g)
G(x; &) = max (VI(x)+ T*¢ | x —s) for & € 0g(Tx). 26

x€C, £€0g(Tx), & G(x;§) =0 < x is a stationary point of (x).
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The base algorithm
If H =R", the algorithm [W., Pokutta '25] is a special case of “FraMes”

Split Conditional Gradient Algorithm [W., Pokutta, '25]

T=Id C=X,.,Cand D=D. Let 3; = O(1/log(k + 1)) and v, = O(1/vk + 1).
Set GP*(xx) = max (Vg (xk) | Xk — v).

iel ~i
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The base algorithm
If H =R", the algorithm [W., Pokutta '25] is a special case of “FraMes”

Split Conditional Gradient Algorithm [W., Pokutta, '25]
T=Id C=X,.,Cand D=D. Let 3; = O(1/log(k + 1)) and v, = O(1/vk + 1).
Set GPx(xk) = max_(V®g, (xk) | xx — v). Then

veX

iel ~i

In k
i B (5.
Ogoglngj(xj)go(\/m)

Also, distp(xx) — 0.
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The base algorithm
If H =R", the algorithm [W., Pokutta '25] is a special case of “FraMes”

Split Conditional Gradient Algorithm [W., Pokutta, '25]

T=Id C=X,.,Cand D=D. Let 3; = O(1/log(k + 1)) and v, = O(1/vk + 1).
Set GPx(xk) = max_(V®g, (xk) | xx — v). Then
veX

iel ~i

In k
. Bilv. A
0< Orgjlgk G f(xJ) <0 (\/71)

Also, distp(xx) — 0. Along the subsequence with Gﬁkf(xkj) — 0, every cluster point
yields a stationary point of (x).
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If H =R", the algorithm [W., Pokutta '25] is a special case of “FraMes”

Split Conditional Gradient Algorithm [W., Pokutta, '25]

T=Id C=X,.,Cand D=D. Let 3; = O(1/log(k + 1)) and v, = O(1/vk + 1).
Set GPx(xk) = max_(V®g, (xk) | xx — v). Then
veX

iel ~i

In k
i Bi(x; 0
s Ogilgk GUx) <O (\/m)

Also, distp(xx) — 0. Along the subsequence with Gﬁkf(xkj) — 0, every cluster point
yields a stationary point of (x).

[Halbey et al., '25] Could remove the In k factor with similar schedules S, .
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Q:Will this iteratively-smoothed F-W scheme work for (x)? 07
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The base algorithm
If H =R", the algorithm [W., Pokutta '25] is a special case of “FraMes”

Split Conditional Gradient Algorithm [W., Pokutta, '25]

T=Id C=X,.,Cand D=D. Let 3; = O(1/log(k + 1)) and v, = O(1/vk + 1).
Set GPx(xk) = max_(V®g, (xk) | xx — v). Then
veX

iel ~i

In k
i Bi(x; 0
s Ogilgk GUx) <O (\/m)

Also, distp(xx) — 0. Along the subsequence with Gﬁkf(xkj) — 0, every cluster point
yields a stationary point of (x).

[Halbey et al., '25] Could remove the In k factor with similar schedules S, .
Q:Will this iteratively-smoothed F-W scheme work for (x)? This analysis provides 97
qualitative stationarity. What about a quantitative convergence rate on G?
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Smoothed Frank-Wolfe gap convergence

Theorem (Silveti-Falls, Molinari, W.)

Let p,q €]0,1[ with g < p and p+ g < 1. Set step sizes vx = (k+1)~P and
smoothing schedule 3x = (k + 1)79. Then there exists C, q such that

kS

<
0 N

N—1

Z Gﬁk(xk) < CpgN™ min{p—gq, 1—p—q}

k=0

Consequently, 0 < _min GO (xx) < Cp,gN~mn{P=3a, 1=P=3d}  Along the subsequence
with G™% (xx;) — 0, every cluster point is a stationary point of (x).
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<
0 N
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Z Gﬁk(xk) < CpgN™ min{p—gq, 1—p—q}

k=0

Consequently, 0 < _min GO (xx) < Cp,gN~mn{P=3a, 1=P=3d}  Along the subsequence

with G™% (xx;) — 0, every cluster point is a stationary point of (x).

p= % q — 0 recovers rates arbitrarily close to O(N~'/2) akin to [Halbey et al., '25]
and [W., Pokutta, '25].
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Smoothed Frank-Wolfe gap convergence

Theorem (Silveti-Falls, Molinari, W.)

Let p,q €]0,1[ with g < p and p+ g < 1. Set step sizes vx = (k+1)~P and
smoothing schedule 3x = (k + 1)79. Then there exists C, q such that

kS

<
0 N

N-1

Z Gﬁk(xk) < CpgN™ min{p—gq, 1—p—q}

k=0

Consequently, 0 < _min GO (xx) < Cp,gN~mn{P=3a, 1=P=3d}  Along the subsequence

with G™% (xx;) — 0, every cluster point is a stationary point of (x).

p= % q — 0 recovers rates arbitrarily close to O(N~'/2) akin to [Halbey et al., '25]
_1

and [W., Pokutta, '25]. To balance optimality and feasibility, we advise p = % q=7z.
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Stationarity arguments for ()

Lemma (Silveti-Falls, Molinari, W.)

Under Assumption 4.1 (g = vp), for every 5 > 0,

~ 1
G(x) + 3 dist3 ( Tx) < GP(x).
Stationarity argument: For x € C,

G(x) = m;g (VF(x) | x—s)
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Lemma (Silveti-Falls, Molinari, W.)

Under Assumption 4.1 (g = vp), for every 5 > 0,

G(x) + ;dist%(Tx) < GP(x).

Stationarity argument: For x € C,
L,r diamc

G(x) = max (Vf(x) | x = s) = —(sup [VF(2)[) sup ||z —s]|
seC zeC (z,5)eC
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Lemma (Silveti-Falls, Molinari, W.)

Under Assumption 4.1 (g = vp), for every 5 > 0,

G(x) + ;dist%(Tx) < GP(x).

Stationarity argument: For x € C,
L,r diamc

G(x) = max (VF(x) | x = s) > —(sup[[VF(2)[) sup Iz —s| > —occ.
seC zeC (z,5)eC
So, along the subsequence GP(x;) — 0
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Stationarity arguments for ()

Lemma (Silveti-Falls, Molinari, W.)

Under Assumption 4.1 (g = vp), for every 5 > 0,

G(x) + ;dist%(Tx) < GP(x).

Stationarity argument: For x € C,
L,r diamc

G(x) = max (VF(x) | x = s) = —(sup [ VF(2)|]) sup |z —s|| > —o0.
seC zeC (z,5)eC
So, along the subsequence GP(x;) — 0 (using S, — 0),

0 < dist3(Txx) < Bk G (xi) + BiLs diame — 0
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Stationarity arguments for ()

Lemma (Silveti-Falls, Molinari, W.)

Under Assumption 4.1 (g = vp), for every 5 > 0,

G(x) + ;dist%(Tx) < GP(x).

Stationarity argument: For x € C,
L,r diamc
G(x) = max (VF(x) | x = s) = =(sup [[VF(2)|]) sup [z —s| > —oo.
seC zeC (z,5)eC
So, along the subsequence GP(x;) — 0 (using S, — 0),

0 < dist3(Txx) < Bk G (xi) + BiLs diame — 0

hence every cluster point X satisfies Tx € D.
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Stationarity arguments for ()

Lemma (Silveti-Falls, Molinari, W.)

Under Assumption 4.1 (g = vp), for every 5 > 0,

G(x) + ;dist%(Tx) < GP(x).

Stationarity argument: For x € C,
L,r diamc
G(x) = max (VF(x) | x = s) = =(sup [[VF(2)|]) sup [z —s| > —oo.
seC zeC (z,5)eC
So, along the subsequence GP(x;) — 0 (using S, — 0),

0 < dist3(Txx) < Bk G (xi) + BiLs diame — 0

hence every cluster point X satisfies Tx € D. So, 0 < G(X) < klim GP*(xx) = 0.
— 00
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Stationarity arguments for ()

Lemma (Silveti-Falls, Molinari, W.)

Under Assumption 4.1 (g = vp), for every 5 > 0,

G(x) + ;dist%(Tx) < GP(x).

Different observation: For x € C,

G(x) = max (VF(x) | x —s)
seC
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Lemma (Silveti-Falls, Molinari, W.)

Under Assumption 4.1 (g = vp), for every 5 > 0,

G(x) + ;dist%(Tx) < GP(x).

Different observation: For x € C,
Lf dIStE*(X)

G(x) = max (VI(x) [ x—s) > _(ilég IVE(2)[]) lIx = projz(x)ll
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Stationarity arguments for ()

Lemma (Silveti-Falls, Molinari, W.)

Under Assumption 4.1 (g = vp), for every 5 > 0,

G(x) + ;dist%(Tx) < GP(x).

Different observation: For x € C,
Lf dIStE*(X)

G(x) = max (VF(x) | x = s) > _(ilég IVE(2)[]) lIx = projz(x)ll

seC
So, if distz(x) < rdistp(Tx),

_ 1
G(x) > —L¢rdistp(Tx)  and — Lk distp(Tx) + Bdist%(Tx) < GP(x)
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Stationarity arguments for ()

Lemma (Silveti-Falls, Molinari, W.)

Under Assumption 4.1 (g = vp), for every 5 > 0,

G(x) + ;dist%(Tx) < GP(x).

Different observation: For x € C,
Lf dIStE*(X) \ /

G(x) = max (VF(x) | x = s) = —(sup | VF(2)]) [Ix = projz(x)| \/
zeC

seC
So, if distz(x) < rdistp(Tx),

G(x) = —L¢rdistp(Tx)  and (distp(Tx))? — Lerdistp(Tx) — GP(x) <0

|
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What about direct convergence rates ?
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What about direct convergence rates ?
Under some standard C.Q.'s (e.g., T surjective and relint(C) N relint(D) # @),

(3x > 0) (Vx €C) distenr-1(py(x) < rdistp(Tx). (A)

m
For the splitting problem, N relint(C;) # @ is sufficient for (A) [Bauschke et al., '99].

i=1
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What about direct convergence rates ?
Under some standard C.Q.'s (e.g., T surjective and relint(C) N relint(D) # @),

(3x > 0) (Vx €C) distenr-1(py(x) < rdistp(Tx). (A)

m
For the splitting problem, N relint(C;) # @ is sufficient for (A) [Bauschke et al., '99].

i=1

Lemma (Silveti-Falls, Molinari, W.)
Let x € C and 8 > 0. Suppose Assumption 4.1 and (A) hold. Then

Lf;5+ VLer26% + 4865 (x) = 0((max {6, \/MT})

|G(x)| < max{G7(x), Lerdistp(Tx)} = O (max {8, 6(x)}) .

diStD(TX) <
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What about direct convergence rates ?

Lemma (Silveti-Falls, Molinari, W.)

Let x € C and 8 > 0. Suppose Assumption 4.1 and (A) hold. Then

distp(Tx) < Lf;ﬁ—k \/Lfn2ﬁ2+45G5 (max{ﬁ \/BGA(x })

‘a(x)‘ < max{GP(x), Lek distp(Tx)} = O (max {B, GB(X)}) .

= Characterizes nonsmooth stationarity in terms of smoothing parameter 3 and
smoothed F-W gap G#
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Lemma (Silveti-Falls, Molinari, W.)

Let x € C and 8 > 0. Suppose Assumption 4.1 and (A) hold. Then

distp(Tx) < Lf;ﬁ—k \/Lfn2ﬁ2+45G5 (max{ﬁ \/BGA(x })

‘a(x)‘ < max{GP(x), Lek distp(Tx)} = O (max {B, GB(X)}) .

= Characterizes nonsmooth stationarity in terms of smoothing parameter 3 and
smoothed F-W gap G#
= Algorithm independent bounds!
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What about direct convergence rates ?

Lemma (Silveti-Falls, Molinari, W.)

Let x € C and 8 > 0. Suppose Assumption 4.1 and (A) hold. Then

distp(Tx) < Lf;ﬁ—k \/Lfn2ﬁ2+45G5 (max{ﬁ \/BGA(x })

and
‘a(x)‘ < max{GP(x), Lek distp(Tx)} = O (max {B, GB(X)}) .

= Characterizes nonsmooth stationarity in terms of smoothing parameter 3 and
smoothed F-W gap G#

= Algorithm independent bounds!

= Shows that for previous works [W., Pokutta, '25], [Halbey et al., '25], both
feasibility distp(Tx) and stationarity |G(xx)| converge like O(1/ log k).
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What this means for the algorithm

Theorem (Silveti-Falls, Molinari, W.)

Suppose Assumption 4.1and (A) holds, and let {xx},cn be generated by the algorithm
with v, = (k4 1)"%/2 and 8y = Bo(k +1)~1/4.
For N > 2, let ki € argmin  G%(x). Then

LN/2)<k<N—1

distp(Txe) = O(N"Y%) and |G(x;)| = O(N~Y/%),
‘ H Convex objective ‘ Nonconvex objective ‘
One constraint O(1/k) O(1/Vk)*
Multiple constraints O(1/Vk)** [S-F, M, W "26]: O(1/k*/*)
Extra assumptions can increase the rate, e.g.: *: [Diaz Millan et al., '25]; 33

**. [Wang, Pong, W., '26]



Other results

= Analogous results with g nonsmooth, weakly-convex, & Lipschitz continuous
= Inconsistent problems (CN T 1D = &)

= Numerical experiments

Minimum feasibility

Minimum nonsmooth gaps

10
10°*
] =
& E
a &
Z 0 e
- ad .
o4 E% o
=N Y
v =

1076
0°?

0 10000 20000

30000 10000 50000

0 10000 20000 30000
Iteration k Iteration k

sold lines — logarithmic smoothing;
Dashed lines — proposed smoothing schedules

34



Conclusion
®00

Frank-Wolfe Splitting Algorithms

5 « Conclusion



Next steps

To be announced:

= Rate improvement to

O(1/k'7)

Input: xo € X, G, stepsizes {vx}ken C ]0,1],
smoothing {S}ken C |0, +o00]

For k=0,1,2,... do
1. V(®g, () = VF(Axk) + 5 () — A(xk))

2. Fori=1,2,..., mdo
Sll< = LMOQ((V‘D@((X;())’,S».

End for
3. Xky1 = Xk + Yk(Sk — k).
End for
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Next steps
To be announced:
= Rate improvement to

1/3

Input: xo € X, G, stepsizes {vx}ken C ]0,1], O(1/k™7)

smoothing {Sk }ken C 10, +o00[ = Stochastic estimation of Vf

(with V. Wang, A.
For k=0,1,2,... do

_ _ Silveti-Falls)
L V(®p,(x))" = VF(Ax) + 5 () = Alx))

2. Fori=1,2,..., mdo
Sll< = LMOQ((V‘D@((X,())’,S».

End for
3. Xkt1 = Xk + Yi(Sk — Xk)-
End for
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Next steps

To be announced:

= Rate improvement to

1/3
Input: xg € X;’;l C;, stepsizes {Vk}ken C ]0,1], O(1/k*?)
smoothing { Bk tken C |0, 400[ = Stochastic estimation of V£
(with V. Wang, A.

For k=0,1,2,. . do 1 . Silveti-Falls)

L V(g (x))" = VF(Axe) + @((X")I —Al)) = Block-iterative LMO

2. Fori=1,2,....mdo activation (with N. Harsell)

si = LMOG ((V®5,(xk))', ).
End for

3. Xky1 = Xk + Yk(Sk — k).

End for
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Next steps

Input: xo € X[, G, stepsizes {vx}ken C ]0,1],
smoothing {Bk }ken C 10, 400]
For k=0,1,2,... do
1. V(®5,04))" = VF(Ax) + 5-(0%)" — A(xk))
2. Fori=1,2,...,mdo
If iel;
sll< - LMOC,—((Vq’Bk(Xk))'a5>)~
Else i€ {1,....m}\ I
Sk = Sk—1
End for
3. Xk+1 = Xk + Vk(sk — xk)-
End for

Conclusion
oceo

To be announced:
= Rate improvement to
O(1/kY/3)
= Stochastic estimation of Vf

(with V. Wang, A.
Silveti-Falls)

» Block-iterative LMO
activation (with N. Harsell)
(3K € N)(Vt € N)

36



Conclusion
oceo

Next steps
To be announced:
Input: xo € X7, G, stepsizes {7y} xen C ]0,1], = Rate improvement to
smoothing { Sk }ken C ]0, 00| 0(1/k1/3)
For k=0,1,2,... do = Stochastic estimation of Vf
1. V(®s,04)) = VA(Ax) + () — A(xk)) (\{Vlth.V. Wang, A.
. Silveti-Falls)
2. Fori - 1,2,...,mdo » Block-iterative LMO
If i€l activation (with N. Harsell)
SL = LMOCi(vq)/gk(Xk),S». (HK c N)(Vt c N)
Else i c {1,...,m}\ I
5,’( = 5,’(71 t+K—1
End for U Ik={1,...,m}
k=t
3. Xkt1 = Xk + Ye(sk — X«)-
36
End for » Adaptive smoothing




Conclusion
ocoe

Conclusion

“Moreau smoothing + one F-W step” works in more settings than splitting.

Contact: woodstzc[at] jmu.edu
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