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Optimization intro

Optimization in a nutshell (H = Rn or any real Hilbert space)

• Objective function f : H → R ∪ {+∞}.
e.g., data fidelity in ML, energy efficiency, profit, statistical error, . . .

• Constraint set(s) C ⊂ H
e.g., RN

+, SN
+, hypercube, ℓp ball, solution set of an inverse problem, . . .

• An “optimal” x ∈ H makes f (x) the smallest or largest
e.g., minimize error, maximize efficiency

image: towardsdatascience.com

minimize
x∈H

f (x)



3

Background History & Motivation Approach Analysis Conclusion References

Optimization intro

Optimization in a nutshell (H = Rn or any real Hilbert space)

• Objective function f : H → R ∪ {+∞}.
e.g., data fidelity in ML, energy efficiency, profit, statistical error, . . .

• Constraint set(s) C ⊂ H
e.g., RN

+, SN
+, hypercube, ℓp ball, solution set of an inverse problem, . . .

• An “optimal” x ∈ C makes f (x) the smallest or largest
e.g., minimize error, maximize efficiency

image: towardsdatascience.com

minimize
x∈C

f (x)



4

Background History & Motivation Approach Analysis Conclusion References

Modeling via optimization

[Torelli et al., Med. Phys., 2023]
image: [Fu et al., Tech. Cancer Res. Treatment, 2023]

[Sartori & Buriol, Comput. Oper. Res., 2020]
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Modeling via optimization

image: towardsdatascience.com

High-dimensional problems (computing ∇2f is costly)

⇒ use first-order methods (use evaluations of ∇f , proxf , and/or f )
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Modeling via optimization

[Combettes & ZW., SIAM J. Imaging Sci., 2022]
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A few common constraints
Set name C ⊂ H

and space H
Constraint(s)

on x ∈ C Application Examples

ℓp ball (p ⩾ 1)
H = Rn

p
√∑

i∈I xp
i ⩽ γ

(γ ⩾ 0)

Signal processing (e.g., sparse recovery,
matrix completion), graph analysis,
relaxed combinatorial problems

Hypercube
H = Rn

αi ⩽ xi ⩽ βi
(αi , βi ∈ R)

Image and signal processing,
recommender system training, graph
refinement

Birkhoff Polytope
H = Rn×n

xi ,j ⩾ 0,∑
i∈[n] xi ,j = 1,∑
j∈[n] xi ,j = 1

Graph automorphisms, communication
theory, optimal transport, cluster
analysis
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A few common constraints

Set name C ⊂ H
and space H

Constraint(s)
on x ∈ C Application Examples

Polyhedron
H = Rn

(Ax)i ⩽ bi
(A ∈ Rn×m, b ∈ Rm)

Optimal transport, production
scheduling, inventory control,
network flow, computational geometry

Spectrahedron
H = Sn×n

x ⪰ 0,
trace(x) = 1

Covariance estimation, relaxed
combinatorial problems, low-rank recovery

Nuclear norm ball
H = Rn×m

min{n,m}∑
i=1

Si ,i ⩽ γ

(x = USV ⊤, γ ⩾ 0)

Graph denoising, recommender
system training, cluster analysis,
protein interaction prediction,
low-rank recovery
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A tale of two subroutines

Projection operators

projC : x 7→ Argmin
c∈C

∥x − c∥2
projC x

x

Linear Minimization Oracles (used in Frank-Wolfe algorithms, AKA “Conditional Gradient” algs.)

LMOC : d 7→ y ∈ Argmin
c∈C

⟨c | d⟩
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A tale of two subroutines

Projection operators

projC : x 7→ Argmin
c∈C

∥x − c∥2
Open source repositories:
proximity-operator.net

ProximalOperators.jl

Linear Minimization Oracles (used in Frank-Wolfe algorithms, AKA “Conditional Gradient” algs.)

LMOC : d 7→ y ∈ Argmin
c∈C

⟨c | d⟩
Open source repository:

FrankWolfe.jl

https://proximity-operator.net/
https://juliafirstorder.github.io/ProximalOperators.jl/latest/
https://zib-iol.github.io/FrankWolfe.jl/stable/
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Why use LMOs?

[C. Combettes, Pokutta, ’21] + many others:
Particularly in high-dimensions, LMO is currently faster than projection on a many Ci .
[W., ’25]:
If Ci is compact/convex, approximate LMO is no slower than projection.
If Ci is also polyhedral, LMO is no slower than projection .
[Hu, ’26]:
If Ci is compact/convex, approximate LMO is no slower than approximate projection.

Question:
Is there a compact convex set C such that projC requires fewer arithmetic operations
than LMOC?
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Comparison with projections

Challenge: While Projections are analytically “well-behaved”
• Lipschitz continuous (L = 1)
• Firmly nonexpansive
• Fixed-point theory

• ...

LMOs are discontinuous.

Operations are not interchangeable.

New theory and algorithms are often needed.
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Comparison with projections
Example: Nuclear norm ball

For x ∈ Rn×n

∥x∥nuc =
∑

1⩽i⩽n
σi(x).

For β ⩾ 0, C = {x ∈ Rn×n | ∥x∥nuc ⩽ β},

projC (x): requires a full SVD!
(σ1, . . . , σn, U, V ), where x = Udiag(σ1, . . . , σn)V ⊤

LMOC (x): requires only first singular value/vectors
(σ1, U1, V ⊤

1 )

Full SVD

n = 500: 0.11 sec

n = 1000: 0.47 sec

n = 2000: 4.87 sec

Just (σ1, U1, V ⊤
1 )

n = 500: 0.0081 sec

n = 1000: 0.056 sec

n = 2000: 0.638 sec

Challenge: While Projections are analytically “well-behaved”
• Lipschitz continuous (L = 1)
• Firmly nonexpansive
• Fixed-point theory
• ...

LMOs are discontinuous.

Operations are not interchangeable.

New theory and algorithms are often needed.
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A problem with multiple constraints

This line of work started with
minimize
x∈

⋂m
i=1 Ci

f (x) (∗)

• ∇f is Lf -Lipschitz continuous (nonconvex)
• Ci are nonempty, compact, convex subsets of a real Hilbert space H.
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Classical projection-based approaches

minimize
x∈

⋂m
i=1 Ci

f (x) (∗)

For appropriately-chosen stepsizes (γk)k∈N, (∗) can
be solved via Forward-Backward, AKA projected
gradient descent (PGD) using ∇f and proj⋂m

i=1 Ci
:

xk+1 = proj⋂m
i=1 Ci

(xk − γk∇f (xk))
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minimize
x∈

⋂m
i=1 Ci

f (x) (∗)

Projection-based splitting algorithms (dating back
to the 1970s) e.g., Douglas-Rachford,
Forward-Backward, ADMM, and many others
solve (∗) using:

• First-order information on f (∇f or proxf )
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A Frank-Wolfe setup for the splitting problem

minimize
x∈

⋂m
i=1 Ci

f (x) (∗)

• ∇f is Lf -Lipschitz continuous (nonconvex)
• Ci are nonempty, compact, convex subsets of a real Hilbert space H.
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minimize
x∈

⋂m
i=1 Ci

f (x) (∗)

• ∇f is Lf -Lipschitz continuous (nonconvex)
• Ci are nonempty, compact, convex subsets of a real Hilbert space H.

If we could evaluate LMO⋂m
i=1 Ci

, then we could use existing Frank-Wolfe
algorithms.
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minimize
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f (x) (∗)

• ∇f is Lf -Lipschitz continuous (nonconvex)
• Ci are nonempty, compact, convex subsets of a real Hilbert space H.

If we could evaluate LMO⋂m
i=1 Ci

, then we could use existing Frank-Wolfe
algorithms.
However, just like projections,∑m

i=1 [Cost of LMOCi ] ≪ [Cost of LMO⋂m
i=1 Ci

].
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A Frank-Wolfe setup for the splitting problem

minimize
x∈

⋂m
i=1 Ci

f (x) (∗)

• ∇f is Lf -Lipschitz continuous (nonconvex)
• Ci are nonempty, compact, convex subsets of a real Hilbert space H.

Goal: Solve (∗) using basic algebraic operations and
• ∇f
• Linear minimization oracles for Ci :

LMOCi : x 7→ y ∈ argmin
v∈Ci

⟨x | v⟩

This is splitting, but with LMOs instead of projection operators.
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A Frank-Wolfe setup for the splitting problem

minimize
x∈

⋂m
i=1 Ci

f (x) (∗)

• ∇f is Lf -Lipschitz continuous (nonconvex)
• Ci are nonempty, compact, convex subsets of a real Hilbert space H.

Goal: Solve (∗) using basic algebraic operations and
• ∇f
• Linear minimization oracles for Ci :

LMOCi : x 7→ y ∈ argmin
v∈Ci

⟨x | v⟩

This is splitting, but with LMOs instead of projection operators.
Open-source LMO repository: FrankWolfe.jl (Github)
Specialized LMO algorithms for common constraints ⇒ improved speed

https://zib-iol.github.io/FrankWolfe.jl/stable/
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Literature

Frank-Wolfe splitting algorithms when f is convex: [Gidel et al., ’18], [Yurtsever et
al., ’19], [Silveti-Falls et al., ’20], [Lan et al., ’21], . . .
Best convergence rate on max{|f (xk) − f ∗|, dist⋂m

i=1 Ci
(xk)} is O(1/

√
k)

Frank-Wolfe splitting algorithms when f is convex with convex inequality
constraints gi(x) ⩽ 0: [Yurtsever et al., ’19] [Lan et al., ’21], [Asgari, Neely, ’24],
[Wang, Pong, W., ’26]
Worst-case rate on max{|f (xk) − f ∗|, [gi(xk)]+} is O(1/

√
k).

With uniform convexity assumption: rate arbitrarily close to O(1/k).

Today’s talk: Frank-Wolfe splitting when f is nonconvex: [W., Pokutta, ’25],
[Halbey et al., ’25], [Silveti-Falls, Molinari, W., ’26]
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Frank-Wolfe recap

Classical Frank-Wolfe algorithm
is for

minimize
x∈C

f (x). (1)

For k ∈ N and γk ∈ [0, 1]:
1. vk = LMOC (∇f (xk))
2. xk+1 = (1 − γk)xk + γkvk

Guarantees xk ∈ C .
Requires LMOC and ∇f .

Stationarity criterion: Frank-Wolfe gap of (1) at x :

G(x) = max
v∈C

⟨∇f (x) | x − v⟩.

Facts:
• If x ∈ C , G(x) ⩾ 0.
• [x ∈ C and G(x) = 0] ⇔ x is stationary for (1).

Under a variety of schedules γt :
• 0 ⩽ min

0⩽j⩽k
G(xj) ⩽ Ck−1/2 → 0

• Along the subsequence minimizing G , all cluster
points are stationary points.

• [Bolte, C. Combettes, Pauwels, ’23]:
(xk)k∈N may not converge
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• Along the subsequence minimizing G , all cluster
points are stationary points.

• [Bolte, C. Combettes, Pauwels, ’23]:
(xk)k∈N may not converge
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Product space reformulation
[Pierra, ’84]: Reformulation of (∗) on Hm: Let {ωi}m

i=1 ⊂ ]0, 1] s.t. ∑m
i=1 ωi = 1, let

A : Hm → H : x 7→
m∑

i=1
ωixi , and set D = {(x1, . . . , xm) | (∀i , j ∈ {1, . . . , m} xi = xj}.

x ∈ Argmin
z∈

⋂m
i=1 Ci

f (z) ⇔ (x , . . . , x) ∈ Argmin
z=(z1,...,zm)∈D∩

m
×
i=1

Ci

f (Az)

Reformulated Frank-Wolfe gaps are the same:
max

v∈D∩
m
×
i=1

Ci

〈
∇(f ◦ A)x

∣∣ x − v
〉

= max
(∀i∈[m]) vi ∈Ci

(∀i ,j∈[m]) vi =vj

〈
∇f (Ax)

∣∣ Ax − Av
〉

= max
v∈

m⋂
i=1

Ci

⟨∇f (Ax) | Ax − v⟩.

Caution: This Frank-Wolfe gap can be negative!
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Setting of [S-F, M, W, ’26+]

minimize
x∈C

f (x) + g(Tx) (⋆)

1. C ⊂ Rn is nonempty, convex, and compact
2. f : Rn → R and ∇f is L∇f -Lipschitz continuous (nonconvex) on C
3. T : Rn → Rm is linear.
4. g : Rm → ]−∞, +∞] is ϱ-weakly convex and one of the following holds.

4.1 D ⊂ Rm is a nonempty closed convex set and g(x) = ιD(x) =
{

0 if x ∈ D
+∞ if x ̸∈ D,

where ρ = 0, and we use the convention “ρ−1 = +∞”.
4.2 g is Lg -Lipschitz continuous

The splitting problem (∗) is a special case of (⋆) under Assumption 4.1 for a linear
subspace D = D and Cartesian product C =

m
×
i=1

Ci .
Today, we’ll mostly focus on Assumption 4.1 instead of 4.2.



20

Background History & Motivation Approach Analysis Conclusion References

Setting of [S-F, M, W, ’26+]

minimize
x∈C

f (x) + g(Tx) (⋆)

1. C ⊂ Rn is nonempty, convex, and compact
2. f : Rn → R and ∇f is L∇f -Lipschitz continuous (nonconvex) on C
3. T : Rn → Rm is linear.
4. g : Rm → ]−∞, +∞] is ϱ-weakly convex and one of the following holds.

4.1 D ⊂ Rm is a nonempty closed convex set and g(x) = ιD(x) =
{

0 if x ∈ D
+∞ if x ̸∈ D,

where ρ = 0, and we use the convention “ρ−1 = +∞”.
4.2 g is Lg -Lipschitz continuous

The splitting problem (∗) is a special case of (⋆) under Assumption 4.1 for a linear
subspace D = D and Cartesian product C =

m
×
i=1

Ci .
Today, we’ll mostly focus on Assumption 4.1 instead of 4.2.



20

Background History & Motivation Approach Analysis Conclusion References

Setting of [S-F, M, W, ’26+]

minimize
x∈C

f (x) + g(Tx) (⋆)

1. C ⊂ Rn is nonempty, convex, and compact
2. f : Rn → R and ∇f is L∇f -Lipschitz continuous (nonconvex) on C
3. T : Rn → Rm is linear.
4. g : Rm → ]−∞, +∞] is ϱ-weakly convex and one of the following holds.

4.1 D ⊂ Rm is a nonempty closed convex set and g(x) = ιD(x) =
{

0 if x ∈ D
+∞ if x ̸∈ D,

where ρ = 0, and we use the convention “ρ−1 = +∞”.
4.2 g is Lg -Lipschitz continuous

The splitting problem (∗) is a special case of (⋆) under Assumption 4.1 for a linear
subspace D = D and Cartesian product C =

m
×
i=1

Ci .
Today, we’ll mostly focus on Assumption 4.1 instead of 4.2.



20

Background History & Motivation Approach Analysis Conclusion References

Setting of [S-F, M, W, ’26+]

minimize
x∈C

f (x) + g(Tx) (⋆)

1. C ⊂ Rn is nonempty, convex, and compact
2. f : Rn → R and ∇f is L∇f -Lipschitz continuous (nonconvex) on C
3. T : Rn → Rm is linear.
4. g : Rm → ]−∞, +∞] is ϱ-weakly convex and one of the following holds.

4.1 D ⊂ Rm is a nonempty closed convex set and g(x) = ιD(x) =
{

0 if x ∈ D
+∞ if x ̸∈ D,

where ρ = 0, and we use the convention “ρ−1 = +∞”.
4.2 g is Lg -Lipschitz continuous

The splitting problem (∗) is a special case of (⋆) under Assumption 4.1 for a linear
subspace D = D and Cartesian product C =

m
×
i=1

Ci .
Today, we’ll mostly focus on Assumption 4.1 instead of 4.2.



21

Background History & Motivation Approach Analysis Conclusion References

Setting of [S-F, M, W, ’26+]

minimize
x∈C

f (x) + g(Tx) (⋆)

We assume we can compute:
• ∇f
• LMOC

• proxβg for β ∈
]
0, ρ−1[

. (i.e., under Assumption 4.1, projD;
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Setting of [S-F, M, W, ’26+]

minimize
x∈C

f (x) + g(Tx) (⋆)

We assume we can compute:
• ∇f note: ∇(f ◦ A) = A∗ ◦ ∇f ◦ A
• LMOC note: LMO×m

i=1 Ci = (LMOC1 x1, . . . , LMOCm xm) .
• proxβg for β ∈

]
0, ρ−1[

. (i.e., under Assumption 4.1, projD;
for the splitting problem (∗), projD is just averaging)

We’ll be using the Moreau envelope of g for β ∈
]
0, ρ−1[

:

gβ(x) = min
z∈Rn

g(z) + 1
2β

∥x − z∥2 ⇒ ∇gβ(x) = β−1(x − proxβgx)

This avoids smoothing g ◦ T .
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Approach: a sequence of smoothed subproblems

minimize
x∈C

f (x) + g(Tx) (⋆)

For β ∈
]
0, ρ−1[

, consider the smoothed problem:

minimize
x∈C

Φβ(x) := f (x) + gβ(Tx). (S)

The smoothed problem (S) can be solved with Frank-Wolfe:
∇Φ depends on ∇f and ∇gβ(x) = β−1(x − proxβg).

Pseudocode: For a positive sequence βk ↘ 0, consider
(A) Perform one Frank-Wolfe step for minimizing Φβk (x) = f (x) + gβk (Tx) over C.
(B) Decrease βk , go to (A).
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For the splitting problem (∗), the smoothed problem (S) becomes the relaxation,

minimize
x=(x1,...,xm)∈

m
×
i=1

Ci

f (Ax) + 1
2β

dist2
D(x). (R)
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Algorithm
Algorithm: Frank-Wolfe with Moreau Envelope Smoothing (Frames)

Input: x0 ∈ C, step sizes {γk}k∈N ⊂ ]0, 1], smoothing schedule {βk}k∈N ⊂
]
0, ρ−1[

For k = 0, 1, 2, . . . do
1. Compute the gradient of the smoothed objective

∇Φβk (xk) = ∇f (xk) + 1
βk

T ∗
(
Txk − proxβkg(Txk)

)
.

2. Compute the LMO for this direction sk ∈ arg mins∈C⟨∇Φβk (xk), s⟩.

3. Update the iterate xk+1 = xk + γk(sk − xk).
End for
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Algorithm: Frank-Wolfe with Moreau Envelope Smoothing (Frames)

Input: x0 ∈ C, step sizes {γk}k∈N ⊂ ]0, 1], smoothing schedule {βk}k∈N ⊂
]
0, ρ−1[

For k = 0, 1, 2, . . . do
1. Compute the gradient of the smoothed objective

∇Φβk (xk) = ∇f (xk) + 1
βk

T ∗
(
Txk − proxβkg(Txk)

)
.

2. Compute the LMO for this direction sk ∈ arg mins∈C⟨∇Φβk (xk), s⟩.

3. Update the iterate xk+1 = xk + γk(sk − xk).
End for

Usually: For 0 < q < p < 1, p + q < 1, γk = Θ((k + 1)−p) and βk = Θ((k + 1)−q)
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Algorithm
Algorithm: Frank-Wolfe with Moreau Envelope Smoothing (Frames)

Input: x0 ∈ C, step sizes {γk}k∈N ⊂ ]0, 1], smoothing schedule {βk}k∈N ⊂
]
0, ρ−1[

For k = 0, 1, 2, . . . do
1. Compute the gradient of the smoothed objective

∇Φβk (xk) = ∇f (xk) + 1
βk

T ∗
(
Txk − proxβkg(Txk)

)
.

2. Compute the LMO for this direction sk ∈ arg mins∈C⟨∇Φβk (xk), s⟩.

3. Update the iterate xk+1 = xk + γk(sk − xk).
End for

Guarantees feasibility in C: (∀k ∈ N) xk ∈ C, but under 4.1, Txk ∈ D not guaranteed.
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Base Splitting Algorithm

Input: x0 ∈×m
i=1 Ci , stepsizes {γk}k∈N ⊂ ]0, 1], smoothing {βk}k∈N ⊂ ]0, +∞[

For k = 0, 1, 2, . . . do
1. (∇Φβk (xk))i = ∇f (Axk) + 1

βk
((xk)i − A(xk))

2. For i = 1, 2, . . . , m do
s i
k = LMOCi ((∇Φβk (xk))i , s⟩).

end for
3. xk+1 = xk + γk(sk − xk).

End for
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Stationarity criterion: Frank-Wolfe gaps
Smoothed Frank-Wolfe gap

Gβk (xk) = max
s∈C

⟨∇Φβk (xk) | x − s⟩

x ∈ C & Gβk (x) = 0 ⇔ x is a stationary point of minimize
z∈C

Φk(z)
Nonsmooth Frank-Wolfe gaps

• Under Assumption 4.1 (g = ιD), set C̃ = C ∩ T −1(D)

G̃(xk) = max
s∈C̃=C∩T −1(D)

⟨∇f (xk) | xk − s⟩

x ∈ C̃ & G̃(x) = 0 ⇔ x is a stationary point of (⋆).
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G̃(xk) = max
s∈C̃=C∩T −1(D)

⟨∇f (xk) | xk − s⟩

x ∈ C̃ & G̃(x) = 0 ⇔ x is a stationary point of (⋆).
Since Txk ∈ D (and x ∈ C̃) not guaranteed, G̃(xk) could be negative!
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Stationarity criterion: Frank-Wolfe gaps
Smoothed Frank-Wolfe gap

Gβk (xk) = max
s∈C

⟨∇Φβk (xk) | x − s⟩

x ∈ C & Gβk (x) = 0 ⇔ x is a stationary point of minimize
z∈C

Φk(z)
Nonsmooth Frank-Wolfe gaps

• Under Assumption 4.1 (g = ιD), set C̃ = C ∩ T −1(D)

G̃(xk) = max
s∈C̃=C∩T −1(D)

⟨∇f (xk) | xk − s⟩

x ∈ C̃ & G̃(x) = 0 ⇔ x is a stationary point of (⋆).

• Not this talk’s focus: Under Assumption 4.2 (Lipschitz ρ-weakly convex g)
G(x ; ξ) = max

s∈C
⟨∇f (x) + T ∗ξ | x − s⟩ for ξ ∈ ∂g(Tx).

x ∈ C, ξ ∈ ∂g(Tx), & G(x ; ξ) = 0 ⇔ x is a stationary point of (⋆).
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The base algorithm
If H = Rn, the algorithm [W., Pokutta ’25] is a special case of “FraMes”

Split Conditional Gradient Algorithm [W., Pokutta, ’25]

T = Id, C =×i∈I Ci and D = D. Let βt = O(1/ log(k + 1)) and γk = O(1/
√

k + 1).
Set Gβk (xk) = max

v∈×i∈I Ci
⟨∇Φβk (xk) | xk − v⟩. Then

0 ⩽ min
0⩽j⩽k

Gβj (x j) ⩽ O
( ln k√

k + 1

)

Also, distD(xk) → 0. Along the subsequence with Gβkj (xkj ) → 0, every cluster point
yields a stationary point of (∗).

[Halbey et al., ’25] Could remove the ln k factor with similar schedules βk , γk .
Q:Will this iteratively-smoothed F-W scheme work for (⋆)? This analysis provides
qualitative stationarity. What about a quantitative convergence rate on G̃?
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Smoothed Frank-Wolfe gap convergence

Theorem (Silveti-Falls, Molinari, W.)

Let p, q ∈ ]0, 1[ with q < p and p + q < 1. Set step sizes γk = (k + 1)−p and
smoothing schedule βk = (k + 1)−q. Then there exists Cp,q such that

0 ⩽
1
N

N−1∑
k=0

Gβk (xk) ⩽ Cp,qN− min{p−q, 1−p−q}

Consequently, 0 ⩽ min
0⩽k⩽N−1

Gβk (xk) ⩽ Cp,qN− min{p−q, 1−p−q}. Along the subsequence

with Gβkj (xkj ) → 0, every cluster point is a stationary point of (⋆).

p = 1
2 , q → 0 recovers rates arbitrarily close to O(N−1/2) akin to [Halbey et al., ’25]

and [W., Pokutta, ’25]. To balance optimality and feasibility, we advise p = 1
2 , q = 1

4 .
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Stationarity arguments for (⋆)
Lemma (Silveti-Falls, Molinari, W.)

Under Assumption 4.1 (g = ιD), for every β > 0,

G̃(x) + 1
β

dist2
D(Tx) ⩽ Gβ(x).

Stationarity argument: For x ∈ C,

G̃(x) = max
s∈C̃

⟨∇f (x) | x − s⟩ ⩾ −(
Lf︷ ︸︸ ︷

sup
z∈C

∥∇f (z)∥)
diamC︷ ︸︸ ︷

sup
(z,s)∈C2

∥z − s∥ > −∞.

So, along the subsequence Gβk (xk) → 0 (using βk → 0),

0 ⩽ dist2
D(Txk) ⩽ βkGβk (xk) + βkLf diamC → 0

hence every cluster point x satisfies Tx ∈ D. So, 0 ⩽ G̃(x) ⩽ lim
k→∞

Gβk (xk) = 0.
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Stationarity arguments for (⋆)
Lemma (Silveti-Falls, Molinari, W.)

Under Assumption 4.1 (g = ιD), for every β > 0,

G̃(x) + 1
β

dist2
D(Tx) ⩽ Gβ(x).

Different observation: For x ∈ C,

G̃(x) = max
s∈C̃

⟨∇f (x) | x − s⟩ ⩾ −(
Lf︷ ︸︸ ︷

sup
z∈C

∥∇f (z)∥)

dist
C̃

(x)︷ ︸︸ ︷
∥x − projC̃ (x)∥

So, if distC̃(x) ⩽ κ distD(Tx),

G̃(x) ⩾ −Lf κdistD(Tx) and − Lf κ distD(Tx) + 1
β

dist2
D(Tx) ⩽ Gβ(x)
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What about direct convergence rates ?
Under some standard C.Q.’s (e.g., T surjective and relint(C) ∩ relint(D) ̸= ∅),

(∃κ > 0) (∀x ∈ C) distC∩T −1(D)(x) ⩽ κ distD(Tx). (A)

For the splitting problem,
m⋂

i=1
relint(Ci) ̸= ∅ is sufficient for (A) [Bauschke et al., ’99].

Lemma (Silveti-Falls, Molinari, W.)

Let x ∈ C and β > 0. Suppose Assumption 4.1 and (A) hold. Then

distD(Tx) ⩽ Lf κβ

2 + 1
2

√
Lf κ2β2 + 4βGβ(x) = O

(
max

{
β,

√
βGβ(x)

})
and ∣∣∣G̃(x)

∣∣∣ ⩽ max{Gβ(x), Lf κ distD(Tx)} = O
(
max

{
β, Gβ(x)

})
.
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What about direct convergence rates ?
Lemma (Silveti-Falls, Molinari, W.)

Let x ∈ C and β > 0. Suppose Assumption 4.1 and (A) hold. Then

distD(Tx) ⩽ Lf κβ

2 + 1
2

√
Lf κ2β2 + 4βGβ(x) = O

(
max

{
β,

√
βGβ(x)

})
and ∣∣∣G̃(x)

∣∣∣ ⩽ max{Gβ(x), Lf κ distD(Tx)} = O
(
max

{
β, Gβ(x)

})
.

• Characterizes nonsmooth stationarity in terms of smoothing parameter β and
smoothed F-W gap Gβ

• Algorithm independent bounds!
• Shows that for previous works [W., Pokutta, ’25], [Halbey et al., ’25], both

feasibility distD(Txk) and stationarity |G̃(xk)| converge like O(1/ log k).
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What this means for the algorithm
Theorem (Silveti-Falls, Molinari, W.)

Suppose Assumption 4.1and (A) holds, and let {xk}n∈N be generated by the algorithm
with γk = (k + 1)−1/2 and βk = β0(k + 1)−1/4.
For N ⩾ 2, let k⋆

N ∈ argmin
⌊N/2⌋⩽k⩽N−1

Gβk (xk). Then

distD(Txk⋆
N
) = O(N−1/4) and

∣∣∣G̃(xk⋆
N
)
∣∣∣ = O(N−1/4).

Convex objective Nonconvex objective
One constraint O(1/k) O(1/

√
k)∗

Multiple constraints O(1/
√

k)** [S-F, M, W ’26]: O(1/k1/4)
Extra assumptions can increase the rate, e.g.: *: [D́ıaz Millán et al., ’25];

**: [Wang, Pong, W., ’26]
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Other results
• Analogous results with g nonsmooth, weakly-convex, & Lipschitz continuous
• Inconsistent problems (C ∩ T −1D = ∅)
• Numerical experiments

sold lines – logarithmic smoothing;
Dashed lines – proposed smoothing schedules
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Next steps

Input: x0 ∈×m
i=1 Ci , stepsizes {γk}k∈N ⊂ ]0, 1],

smoothing {βk}k∈N ⊂ ]0, +∞[
For k = 0, 1, 2, . . . do

1. ∇(Φβk (xk))i = ∇f (Axk) + 1
βk

((xk)i − A(xk))

2. For i = 1, 2, . . . , m do
s i
k = LMOCi ((∇Φβk (xk))i , s⟩).

End for
3. xk+1 = xk + γk(sk − xk).

End for

To be announced:
• Rate improvement to

O(1/k1/3)
• Stochastic estimation of ∇f

(with V. Wang, A.
Silveti-Falls)

• Block-iterative LMO
activation (with N. Harsell)
(∃K ∈ N)(∀t ∈ N)

t+K−1⋃
k=t

Ik = {1, . . . , m}

• Adaptive smoothing
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Conclusion

“Moreau smoothing + one F-W step” works in more settings than splitting.

Contact: woodstzc[at]jmu.edu

Preprint:
Frank-Wolfe with Moreau Envelope Smoothing for
Nonsmooth Nonconvex Problems,
Antonio Silveti-Falls, Cesare Molinari, and Zev Woodstock,
arXiv arXiv:2606.00853

mailto:woodstzc@jmu.edu
https://arxiv.org/abs/2606.00853
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Thank you for your attention!
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